Rayleigh-scattering cross sections and volume-scattering coefficients are computed for standard air; they incorporate the variation of the depolarization factor with wavelength. Rayleigh optical depths are then calculated for the 1962 U.S. Standard Atmosphere and for five supplementary models. Analytic formulas are derived for each of the parameters listed. The new optical depths can be 1.3% lower to 3% higher at midvisible wavelengths and up to 10% higher in the UV region compared with previous calculations, in which a constant or incorrect depolarization factor was used. The dispersion of the depolarization factor is also shown to affect the Rayleigh phase function slightly, by approximately 1% in the forward, backscattered, and 90°scattering-angle directions.
Introduction
An accurate estimate of the amount of Rayleigh scattering in the terrestrial atmosphere is required in many applications. The parameters that characterize this type of scattering are well defined 1see, for example, McCartney 1 2 and are summarized here.
The total Rayleigh-scattering cross section per molecule, s, is given by the following formula: where l is the wavelength 1in centimeters2, n s is the refractive index for standard air at l, N s is the molecular number density 12.54743 3 10 19 cm 23 2 for standard air, and r n is the depolarization factor-a term that accounts for the anisotropy of the air molecule and that varies with wavelength. ''Standard air is defined as dry air containing 0.03% CO 2 by volume at normal pressure 760 mm Hg 15 1013.25 mb2 and having an air temperature of 15°C.'' 1see Penndorf 2 2. The cross section s is typically given in units of squared centimeters.
The amount of scattering for a volume of gas, characterized by the total Rayleigh volume-scattering coefficient b is given by the product of the total Rayleigh cross section per molecule, s, as defined in Eq. 112, and the molecular number density N at a given pressure and temperature, or altitude, z:
b1l, z2 5 N1z2s1l2 1 22 where b is in units of inverse centimeters. The Rayleigh optical depth t at altitude z 0 is then given as the integral of the total volume-scattering coefficient from z 0 to the top of the atmosphere: t1l, z 0 2 5 e zò b1l, z2dz.
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The angular distribution of the scattered light is described by the Rayleigh phase function P ray and is defined below. A variety of tabulations or formulations of the Rayleigh-scattering parameters given above can be found in the literature. Typically it is taken for granted that these parameters are well known, therefore it hardly seems necessary to recompute them. However, as pointed out by Teillet, 3 the Rayleigh optical depth as determined by various sources can vary by as much as 3-4% depending on the values of the index of refraction and the depolarization factor that were used. Many previous calculations are based on old values for these two parameters, and only one source that includes the dispersion, or variation, of the depolarization factor with wave-length has been found. In addition, confusion arose a few years ago when an incorrect value for the depolarization factor was used in computations of the Rayleigh optical depth. 4 A brief historical review may help to clarify the situation.
Penndorf 2 first published tabular values of the refractive index of standard air and the Rayleighscattering coefficients for the 0.2-20.0-µm wavelength range. Specifically, he calculated the Rayleighscattering cross section, the Rayleigh mass-scattering coefficient, and the Rayleigh volume-scattering coefficient as a function of wavelength, through the use of Edlen's 5 formula for the index of refraction and a constant value with wavelength of 0.035 for the depolarization factor. He also calculated surface Rayleigh optical depths when an isothermal atmosphere was assumed. Eltermann 6,7 extended Penndorf 's 2 research by tabulating values of the Rayleigh volumescattering coefficient and the Rayleigh optical depth as a function of wavelength 10.27-4.0 µm2 and altitude 10-50 km2 with the U.S. Standard Atmosphere 119622 data. 8 He also used Edlen's 5 formula for the refractive index of air and a constant value of 0.035 for the depolarization factor.
Many tabulations or formulations of the Rayleighscattering parameters found in the literature can be traced back to Penndorf 2 or Eltermann. 6, 7 For example, McCartney 1 simply lists Penndorf 's 2 Rayleighscattering-coefficient and refractive-index values, the series of LOWTRAN atmospheric transmittance-radiance models 1Kneizys et al. [9] [10] [11] 2 all use some form of least-squares fit to Penndorf 's 2 Rayleigh volumescattering coefficients in their calculations, whereas Margraff and Griggs 12 use a least-squares fit to Eltermann's 6 optical depth data.
Based on updated depolarization data, Hoyt 13 tabulated values of the Rayleigh optical depth as a function of wavelength 10.3-1.5 µm2 for six standard atmospheres 1U.S. Standard Atmosphere supplement, 1966 14 2 through the use of Edlen's 5 formula for the index of refraction and a constant value of 0.0139 for the depolarization factor. Frölich and Shaw, 15 who also used updated depolarizaton data, later tabulated values of the Rayleigh optical depth as a function of wavelength 10.26-1.5 µm2 for five standard atmospheres 14 into which model water vapor and ozone profiles were added 1McClatchey et al. 16 
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They combined Edlen's 17 refractive-index formula, which takes into account the effect of water vapor, and Peck and Reeder's 18 four-term formula for the index of refraction, and used a constant value of 0.0095 for the depolarization factor. They also determined an analytic formula for the Rayleigh optical depth from a least-squares fit of their data as a function of wavelength. However, as pointed out in a series of articles by Young, 4, [19] [20] [21] the values of the depolarization factor used by Hoyt 13 and Frölich and Shaw 15 were based on measurements that excluded the effects of the Raman-scattered lines and therefore did not completely represent the depolarization factor for Rayleigh scattering, This led to optical-depth values that were a few percent too low. Based on the latest measurements, Young 19 
In all the tabulations or formulations listed above, a constant value for the depolarization factor with wavelength was assumed. This is a fairly good approximation at midvisible wavelengths but breaks down toward near-UV wavelengths. In Fig. 1 it can be seen that this factor varies by approximately 60% from the near IR to the UV spectral region, introducing a corresponding variation with wavelength of approximately 3% in the Rayleigh-scattering coefficients. Bates 22 tabulated values of the depolarization factor and the Rayleigh-scattering cross section as a function of wavelength that took into account the dispersion of the depolarization factor 1see Table 12 . Nicolet 23 then derived an analytic expression from a fit to Bates' cross-section values. 22 No source for the Rayleigh volume-scattering coefficient or the Rayleigh optical depth that includes this dispersion has been found. Nor has any source that includes the effect of the dispersion of molecular anisotropy on the Rayleigh phase function been found.
It seems appropriate, therefore, that the Rayleighscattering parameters 1i.e., the Rayleigh-scattering cross section, volume-scattering coefficient, and optical depth2 should be updated by the use of the latest estimates of the index of refraction and the depolarization factor of air and by inclusion of the dispersion of the depolarization factor with wavelength. In this paper tabulated values of these Rayleigh-scattering parameters are presented, and least-squares-derived analytic formulas for each parameter, which can be easily incorporated into computer codes, are given as a function of wavelength. Comparisons of the values given here with the most common previous calculations of the Rayleigh-scattering parameters are also presented. Section 2 describes the calculation of the Rayleigh-scattering cross section, and Section 3 describes the calculation of the Rayleigh volume-scattering coefficient. Section 4 discusses the effect of the dispersion of the molecular anisot- Fig. 1 . Dispersion of the depolarization factor with wavelength 1adapted from Bates 22 2.
ropy on the Rayleigh phase function, and Section 5 describes the calculation of the Rayleigh optical depth for the 1962 U.S. Standard Atmosphere and for five supplementary models that take into account both seasonal and latitudinal variations.
Total Rayleigh-Scattering Cross-Section Calculation
The amount of scattering from a single air molecule is characterized by its scattering cross section. Table 2 lists the total Rayleigh-scattering cross section per molecule for standard air as a function of wavelength computed with Eq. 112.
The refractive index n s for standard air 1T 5 15°C2 was calculated with the equations of Peck and Reeder. 18 For wavelengths greater than 0.23 µm, the four-parameter formula was used: where the wavelength is given in micrometers. For wavelengths less than or equal to 0.23 µm, the five-parameter formula was used: 5 , shows a difference of less than 0.01% between the two. A comparison of this same term calculated through the use of the equations of Peck and Reeder 18 and of Edlen, 17 in which the effect of water vapor is included, again shows a small difference 1less than 0.3%2, where a typical water vapor density value of 7 g@m 3 was used in the calculation 1McClatchey et al. 24 2. Therefore, whether the index of refraction is calculated through the use of the equations of Peck and Reeder 18 or of Edlen, 5 or whether water vapor is included 1Edlen 17 2 will not significantly affect the Rayleigh-scattering cross section. Also, Bates 22 states that the difference between the refractiveindex values used in his calculations and those of Peck and Reeder 18 is less than 0.1% for wavelengths greater than 0.195 µm. Although the differences in the values of the refractive-index term calculated with the formulations listed above are small, Teillet 3 has pointed out that some formulations may differ by up to 4% from those given here.
The King correction factor F k , which accounts for the anisotropy of air molecules, is defined by the second factor in Eq. 112:
The dispersion of this factor with wavelength 1see Table 12 , as given by Bates, 22 was used to calculate the cross-section values in Table 2 . Bates 22 calculated the King correction factor from 0.2 to 0.3 µm 10.005 µm2, 0.3 to 0.4 µm 10.01 µm2, and 0.4 to 1.0 µm 10.05 µm2. These factors are listed in Table 1 along with values for the depolarization factor r n . Linear interpolation of these values was used to calculate the depolarization term at the wavelengths given in 2 and others because the simplifying approximation that n s is very nearly equal to unity has not been made. Although this approximation only introduces an error of the order of 0.05%, there is no reason to include it in these calculations. It is also important to note that according to Lorenz-Lorentz theory the quantity 1n s 2 2 12@1n s 2 1 22 is proportional to the molecular number density N s and that although Eq. 112 describes the cross section for a single air molecule, and is therefore independent of the temperature and the pressure of the gas, one must be consistent in the values for n s and N s . 1 In Fig. 2 the Rayleigh cross-section values com- 
where x B represents the cross section computed here at wavelength l and x i is the cross section at l of Penndorf, 2 Bates, 22 or Nicolet. 23 The values calculated in this paper are from 1.7% higher to 1.4% lower than those of Penndorf, 2 with the best agreement occurring near 0.26 µm, where the depolarization values are similar. Figure 2 also shows good agreement with Bates, 22 although the values computed here are consistently lower than those from Bates, by approximately 0.2%. This difference can be attributed to the differences in the indices of refraction and the no-approximation form of the cross-section formula that was used in this paper. However, the cross-section values given in Table 2 are still slightly closer to Bates' values 22 than those calculated with the analytic formula of Nicolet. 23 A least-squares fit of the Rayleigh cross-section data given in Table 2 yields the following analytic formula:
where l is in micrometers; A Table 32 . Equation 182 fits the data to within 0.4% for wavelengths less than 0.25 µm, to better than 0.2% in the 0.25-0.5-µm range, and to better than 0.1% for wavelengths greater than 0.5 µm.
Total Rayleigh Volume-Scattering-Coefficient Calculation
As stated above, the amount of scattering for a unit volume of air is characterized by the total Rayleigh volume-scattering coefficient b, which is given by the product of the total Rayleigh cross section per molecule, s, as defined in Eq. 112, and the molecular number density N at a given pressure and temperature, or altitude, z 3see Eq. 1224. Table 2 lists the total Rayleigh volume-scattering coefficient as a function of wavelength computed with Eq. 122. The calculations were done for standard conditions and put in units of inverse kilometers so that
The analytic formula given in Eq. 182 can be used to describe these data simply by multiplying the A coefficients given above by N s 110 5 cm@km2: from 0.2-0.5 µm, A 5 7.68246 3 10 24 , and for wavelengths greater than 0.5 µm, A 5 10.21675 3 10 24 1see Table  32 . The B, C, and D coefficients will be the same as those given in Table 3 . Because the only difference is a multiplicative constant, these equations will fit the volume-scattering-coefficient data of Table 2 to the same accuracy as the cross-section fits in Section 2, that is, to within 0.4% for wavelengths less than 0.25 µm, to better than 0.2% in the 0.25-0.5-µm range, and to better than 0.1% for wavelengths greater than 0.5 µm. Similarly, a comparison of the volume-scattering coefficients given in Table 2 with those given by Penndorf 2 or Eltermann 7 shows the same differences of from 1.7% to 21.4%, as shown in the cross-section comparisons 1see Fig. 22 when the volume-scattering coefficients are given at the same molecular number densities. Because b scales with the molecular number density, to correct the Rayleigh volume-scattering coefficients of Table 2 to any pressure P and temperature T is straightforward 1 :
where P s and T s represent the reference pressure and temperature at which b s was calculated, respectively. In Table 2 Fig. 3 . Comparison of the Rayleigh phase function at 0.5 µm computed with and without taking into account the effect of molecular anisotropy. The percent difference is defined as in Fig.  2 , where x B now represents the phase function computed with molecular anisotropy included and x i represents the phase function computed without molecular anisotropy taken into account. °C2 for standard air. In Eq. 1102 temperatures must be given in degrees Kelvin, whereas pressures need only be in consistent units.
Rayleigh Phase Function Calculation
For unpolarized, incident radiation, the angular distribution of the light scattered by air is given by the Rayleigh phase function P ray , which is typically written as
where u represents the scattering angle. However, because molecular anistropy also affects the angular distribution of Rayleigh-scattered light, a more accurate formula is given by Chandrasekhar 25 :
where g is defined by 25 g 5 r n 2 2 r n 1132 and r n is the depolarization factor. In Fig. 3 the Rayleigh phase function for the full range of scattering angles at 0.5 µm calculated with 3see Eq. 11224 and without 3see Eq. 11124, with the effect of molecular anisotropy taken into account, are compared. The greatest differences, approximately 1.5%, arise in the forward and the backscattered directions and near the 90°scattering angle. Because r n varies with wavelength, as discussed above, the effect of the anisotropy on the phase function 3see Eq. 11224 will also vary slightly with wavelength. Table 1 lists the values of g as a function of wavelength derived from the King correction factors of Bates. 22 As with the depolarization factor, it can be seen from Table 1 that the g term varies by approximately 60% from the near IR to the UV spectral region. In the forward or the backscattered directions this variation in g would introduce a change of approximately 1% in the Rayleigh phase function computed with Eq. 1122. A rigorous calculation of the Rayleigh phase function should therefore include the dispersion with wavelength of g as given in Table 1 .
To include the dispersion with wavelength of the depolarization factor consistently in the calculation of the angular volume-scattering coefficient b1u, l, z2 is straightforward 1 :
where b1l, z2 is calculated by the use of Table 2 and Eq. 1102 and P ray 1u, l2 is calculated from Eq. 1122 with g as given in Table 1 . A similar expression holds for the angular-scattering cross section, where s is substituted for b in Eq. 1142.
Rayleigh Optical-Depth Calculation
As shown in Eq. 132, the Rayleigh optical depth t at altitude z 0 is given as the integral of the total volumescattering coefficient from z 0 to the top of the atmosphere. Using Eq. 1102, Eq. 132 can be rewritten as
For a given temperature and pressure profile Eq. 1152 was integrated from 0 to 100 km in 1-km altitude increments through the use of the trapezoidal rule. Midlatitude Winter 145°N, January2, Subarctic Summer 160°N, July2, and Subarctic Winter 160°N, January2. Figure 4 compares the Rayleigh optical depths computed in this paper for the 1962 U.S. Standard Atmosphere 8 case with those calculated by Elterman 7 and by Frölich and Shaw. 15 The optical depths calculated here differ from those of Elterman 7 in exactly the same way as the cross sections calculated above differed from those of Penndorf 2 1see Fig. 22 . This is to be expected because Elterman 7 used Penndorf 's 2 cross-section values. Figure 4 also shows the comparisons of the Rayleigh optical depths from this paper with the optical depths calculated by Frölich and Shaw 15 and with their values multiplied by 1.031, a correction factor suggested by Young 19 to compensate for the error in their depolarization term. Although this correction drastically improves the data from Frölich and Shaw near 0.7 µm, the error increases at longer and shorter wavelengths because the dispersion of the anisotropy was not taken into account. In addition, Frölich and Shaw's 15 data only extend from 0.26 to 1.5 µm. Using their analytic formulas beyond these wavelengths leads to errors of 2-25%, even for the corrected case.
Equation 1152 can be shown to be equivalent to
where N col,z 0 is the column density at altitude z 0 . Least-squares fits of the data in Table 4 will therefore yield expressions of the form of Eq. 182, where the A coefficients are multiplied by the column densities for the given atmospheric profile. The B, C, and D coefficients will be the same as those given in Table 3 . Table 5 lists the A coefficients derived for each model atmosphere along with the surface pressure and the temperature of each model. Again, because the only difference is a multiplicative constant, these equations will fit the optical-depth data of Table 4 to the same accuracy as the cross-section fits, that is, to within 0.4% for wavelengths less than 0.25 µm, to better than 0.2% in the 0.25-0.5-µm range, and to better than 0.1% for wavelengths greater than 0.5 µm.
Equation 1162 shows that the Rayleigh optical depth scales with the column density, therefore the optical depth at any given pressure can be approximated from the data in Tables 4 and 5 when the most appropriate model atmosphere is chosen and the following approximation is used:
P1z 0 2
. 1172
Summary
This paper has presented a consistent set of newly calculated values for the total Rayleigh-scattering cross section, the total Rayleigh volume-scattering coefficient, and the Rayleigh optical depth as a function of wavelength 10.2-0.4 µm2, through the use of the best estimates of the refractive index 18 and the depolarization factor 22 of air. Most important, the dispersion of the depolarization factor with wavelength was included in the calculations so that the values given here are valid throughout the wavelength range stated. In addition, all the Rayleigh-scattering parameters listed above were fitted with least-squares-derived analytic formulas as a function of wavelength that can be easily incorporated into computer codes 1see Tables 3 and 52 . These formulas fit the data to within 0.4% for wavelengths less than 0.25 µm, to better than 0.2% in the 0.25-0.5-µm range, and to better than 0.1% for wavelengths greater than 0.5 µm.
A comparison with some of the most common previous calculations of the Rayleigh-scattering parameters showed the improvement in the values given in this paper. The cross sections and the Table 42 with those optical depths calculated by Eltermann, 7 Fröhlich and Shaw, 15 along with Fröhlich and Shaw's value 15 multiplied by a 1.031 correction factor. The percent difference is defined as in Fig. 2 , where x now represents optical depth. a Form of the analytic formula is as given in Table 3 . The B, C, and D coefficients are given in Table 3. volume-scattering coefficients of Penndorf 2 and Eltermann 7 are from 1.7% lower to 1.4% higher than those calculated here, depending on the wavelength, with the best agreement occurring where the depolarization values are similar, near 0.26 µm 1see Fig. 22 . The same differences hold when the optical depths of Eltermann 7 are compared with those calculated in this paper for the 1962 U.S. Standard Atmosphere model 8 1see Fig. 42 . The uncorrected optical depths of Frölich and Shaw 15 are too low by approximately 3% at visible wavelengths to 10-20% too low at longer and shorter wavelengths 1see Fig. 42 . Although the corrected optical depths of Frölich and Shaw 15 show much better agreement at visible wavelengths, large errors still exist at longer and shorter wavelengths 1see Fig. 42 .
Finally, the importance of including the dispersion of the molecular anisotropy in the Rayleigh phase function calculation was illustrated 1see Fig. 32 . The largest errors made when molecular anistropy, and the dispersion of the molecular anisotropy, are ignored occur in the forward and the backscattered directions and at a 90°scattering angle. These errors are of the order of 1% to 1.5%.
With the inclusion of the variation of the depolarization factor with wavelength, the tabular values of the Rayleigh-scattering parameters listed in this paper and the least-squares-derived analytic formulas given provide a more accurate estimate of the amount of Rayleigh scattering in the terrestrial atmosphere throughout the stated wavelength range than previous calculations, in which a constant depolarization factor was assumed.
